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Abstract We perturb the simple cubic (SC), body-centered cubic (BCC), and face-centered
cubic (FCC) structures with a spatial Gaussian noise whose adimensional strength is con-
trolled by the parameter α and analyze the statistical properties of the cells of the resulting
Voronoi tessellations using an ensemble approach. We concentrate on topological proper-
ties of the cells, such as the number of faces, and on metric properties of the cells, such as
the area, volume and the isoperimetric quotient. The topological properties of the Voronoi
tessellations of the SC and FCC crystals are unstable with respect to the introduction of
noise, because the corresponding polyhedra are geometrically degenerate, whereas the tes-
sellation of the BCC crystal is topologically stable even against noise of small but finite
intensity. Whereas the average volume of the cells is the intensity parameter of the system
and does not depend on the noise, the average area of the cells has a rather interesting behav-
ior with respect to noise intensity. For weak noise, the mean area of the Voronoi tessellations
corresponding to perturbed BCC and FCC perturbed increases quadratically with the noise
intensity. In the case of perturbed SCC crystals, there is an optimal amount of noise that
minimizes the mean area of the cells. Already for a moderate amount of noise (α > 0.5),
the statistical properties of the three perturbed tessellations are indistinguishable, and for in-
tense noise (α > 2), results converge to those of the Poisson-Voronoi tessellation. Notably,
2-parameter gamma distributions constitute an excellent model for the empirical pdf of all
considered topological and metric properties. By analyzing jointly the statistical properties
of the area and of the volume of the cells, we discover that also the cells shape, measured
by the isoperimetric quotient, fluctuates. The Voronoi tessellations of the BCC and of the
FCC structures result to be local maxima for the isoperimetric quotient among space-filling
tessellations, which suggests a weaker form of the recently disproved Kelvin conjecture.
Moreover, whereas the size of the isoperimetric quotient fluctuations go to zero linearly
with noise in the SC and BCC case, the decrease is quadratic in the FCC case. Correspond-
ingly, anomalous scaling relations with exponents larger than 3/2 are observed between the
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area and the volumes of the cells for all cases considered, and, except for the FCC struc-
ture, also for infinitesimal noise. In the Poisson-Voronoi limit, the exponent is ∼1.67. The
anomaly in the scaling indicates that large cells preferentially feature large isoperimetric
quotients. The FCC structure, in spite of being topologically unstable, results to be the most
stable against noise when the shape—as measured by the isoperimetric quotient—of the
cells is considered. These scaling relations apply only for a finite range and should be taken
as descriptive of the bulk statistical properties of the cells. As the number of faces is strongly
correlated with the sphericity (cells with more faces are bulkier), the anomalous scaling is
heavily reduced when we perform power law fits separately on cells with a specific number
of faces.

Keywords Voronoi tessellation · Numerical simulations · Random geometry · Symmetry
break · Topological stability · Poisson point process · Cubic crystals · Simple cubic ·
Face-centered cubic · Body-centered cubic · Gaussian noise · Gamma distribution ·
Anomalous scaling · Isoperimetric quotient · Fluctuations · Kelvin’s conjecture · Kepler’s
conjecture · Kendall’s conjecture

1 Introduction

A Voronoi tessellation [54, 55] is a partitioning of an Euclidean N -dimensional space �

defined in terms of a given discrete set of points X ⊂ �. For almost any point a ∈ � there
is one specific point x ∈ X which is closest to a. Some point a may be equally distant
from two or more points of X. If X contains only two points, x1 and x2, then the set of all
points with the same distance from x1 and x2 is a hyperplane, which has codimension 1.
The hyperplane bisects perpendicularly the segment from x1 and x2. In general, the set of
all points closer to a point xi ∈ X than to any other point xj �= xi, xj ∈ X is the interior of
a convex (N − 1)-polytope usually called the Voronoi cell for xi . The set of the (N − 1)-
polytopes �i , each corresponding to—and containing—one point xi ∈ X, is the Voronoi
tessellation corresponding to X. Extensions to the case of non-Euclidean spaces have also
been presented [31, 43].

Since Voronoi tessellations boil up to being optimal partitionings of the space resulting
from a set of generating points, they have long been considered for applications in several
research areas, such as telecommunications [47], biology [18], astronomy [27], forestry [5]
atomic physics [19], metallurgy [58], polymer science [13], materials science [7, 12, 33],
and biophysics [48] In a geophysical context, Voronoi tessellations have been widely used
to analyze spatially distributed observational or model output data [35, 36, 52]. In condensed
matter physics, the Voronoi cell of the lattice point of a crystal is known as the Wigner-Seitz
cell, whereas the Voronoi cell of the reciprocal lattice point is the Brillouin zone [1, 6].
Voronoi tessellations have been used for performing structure analysis for crystalline solids
and supercooled liquids [53, 59], for detecting glass transitions [22], for emphasizing the
geometrical effects underlying the vibrations in the glass [37], and for performing detailed
and efficient electronic calculations [3, 45]. For a review of the theory and applications of
Voronoi tessellations, see [2] and [43].

As the theoretical results on the statistical properties of general N -dimensional Voronoi
tessellations are still relatively limited, direct numerical simulation constitute a crucial in-
vestigative approach. At computational level, the evaluation of the Voronoi tessellation of
a given discrete set of points X is not a trivial task, and the definition of optimal proce-
dures is ongoing and involves various scientific communities [4, 8, 21, 50, 56]. The spe-
cific and relevant problem of computing the geometric characteristics of Poisson-Voronoi
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tessellations has been the subject of intense theoretical and computational effort. Poisson-
Voronoi tessellations are obtained starting from for a random set of points X generated as
output of a homogeneous (in the considered space) Poisson point process. This problem has
a great relevance at practical level because it corresponds, e.g., to studying crystal aggre-
gates with random nucleation sites and uniform growth rates. Exact results concerning the
mean statistical properties of the interface area, inner area, number of vertices, etc. of the
Poisson-Voronoi tessellations have been obtained for Euclidean spaces [9, 10, 14, 38–41];
an especially impressive account is given by Finch [17]. Moreover, the Kendall’s conjecture
has recently been proved, i.e. large cells, asymptotically, tend to have a spherical shape [25,
26, 29]. Several computational studies on 2D and 3D spaces have found results in agreement
with the theoretical findings, and, moreover, have shown that both 2-parameter [30] and 3-
parameter [24] gamma distributions fit up to a high degree of accuracy the empirical pdfs of
several geometrical characteristics of the cells [49, 60]. The ab-initio derivation of the pdf
of the geometrical properties of Poisson-Voronoi tessellations have not been yet obtained,
except in asymptotic regimes [23], which are, surprisingly, not compatible with the gamma
distributions family.

In a previous paper [34], we have analyzed in a rather general framework the statis-
tical properties of Voronoi tessellation of the Euclidean 2D plane. In particular, we have
followed the transition from regular triangular, square and hexagonal honeycomb Voronoi
tessellations to those of the Poisson-Voronoi case, thus analyzing in a common frame-
work symmetry-break processes and the approach to uniformly random distributions of
tessellation-generating points, which is basically realized when the typical displacement
becomes larger than the lattice unit vector. This analysis has been accomplished by a Monte
Carlo analysis of tessellations generated by points whose regular positions are perturbed
through a Gaussian noise. The symmetry break induced by the introduction of noise de-
stroys the triangular and square tessellation, which are structurally unstable, whereas the
honeycomb hexagonal tessellation is stable also for small but finite noise. Moreover, in-
dependently of the unperturbed structure, for all noise intensities (including infinitesimal),
hexagons constitute the most common class of cells and the ensemble mean of the cells
area and perimeter restricted to the hexagonal cells coincides with the full ensemble mean,
which reinforces the idea that hexagons can be taken as generic polygons in 2D Voronoi
tessellations.

The reasons why the regular hexagonal tessellation has such peculiar properties of ro-
bustness relies on the fact that it is optimal both in terms of perimeter-to-area ratio and in
terms of cost (see [15, 42]). The extremal properties of such a tessellation are clearly high-
lighted by Karch et al. [28], where it is noted that a Gibbs system of repulsive charges in 2D
arranges spontaneously for low temperatures (freezes) as a regular hexagonal crystal. More-
over, a regular hexagonal structure has been found for the Voronoi tessellation built from
the spontaneously arranged lattice of hot spots (strongest upward motion of hot fluid) of the
Rayleigh-Bènard convective cells, with the compensating downward motion of cooled fluid
concentrated on the sides of the Voronoi cells [44].

In this paper we want to extend the analysis performed in [34] to the 3D case, which
is probably of wider applicative interest. We consider three cubic crystals covering the 3D
Euclidean space, namely the simple cubic (SC), the face-centered cubic (FCC) and the body-
centered cubic (BCC) lattices [6]. The corresponding space-filling Voronoi cells of such
crystals are the cube, the rhombic dodecahedron, and the truncated octahedron. The cubic
crystal system is one of the most common crystal systems found in elemental metals, and
naturally occurring crystals and minerals. These crystals feature extraordinary geometrical
properties:
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• the cube is the only space-filling regular solid;
• the FCC (together with the Hexagonal Close Packed structure) features the largest pos-

sible packing fraction—the 1611 Kepler’s conjecture has been recently proved by Hales
[20];

• the Voronoi cell of BCC has been conjectured by Kelvin in 1887 as being the space-
filling cell with the smallest surface to volume ratio, and only recently a very cumbersome
counter-example has been given by Wearie and Phelan [57]; moreover, the truncated oc-
tahedron is conjectured to have the lowest cost among all 3D space-filling cells (see [15]).

Because of its low density, basically due to the low packing fraction, the SC system has a
high energy structure and is rare in nature, and it is found only in the alpha-form of Po. The
BCC is a more compact system and have a low energy structure, is therefore more common
in nature. Examples of BCC structures include Fe, Cr, W, and Nb. Finally, thanks to its
extremal properties in terms of packing fraction and the resulting high density, FCC crystals
are fairly common and specific examples include Pb, Al, Cu, Au and Ag.

The extremal properties of the BCC structure can basically be interpreted as the fact
that the corresponding Voronoi cell defines a natural discrete mathematical measure, and
imply that truncated octahedra constitute an optimal tool for achieving data compression
[16]. Another outstanding property is that the Voronoi cell of the BCC structure, as opposed
to SC and FCC, is topologically stable with respect to infinitesimal perturbations to the
position of the lattice points [51].

Using an ensemble-based approach, we study the break-up of the symmetry of the SC,
BCC and FCC systems and of their corresponding Voronoi tessellations by stochastically
perturbing with a space-homogeneous Gaussian noise of parametrically controlled strength
the positions of the lattice points xi , and quantitatively evaluating how the statistical proper-
ties of the geometrical characteristics of the resulting 3D Voronoi cells change. The strength
of considered perturbation ranges up to the point where typical displacements become larger
than the lattice unit vector, which basically leads to the limiting case of the Poisson-Voronoi
process. Therefore, our work joins on the analysis of Voronoi cells resulting from infinitesi-
mal (namely, small) perturbations to regular cubic lattices to fully random tessellations.

Our paper is organized as follows. In Sect. 2 we discuss some general properties of the
Voronoi tessellations considered, describe the methodology of work and the set of numerical
experiments performed. In Sect. 3 we show our results. In Sect. 4 we present our conclusions
and perspectives for future work.

2 Theoretical and Computational Issues

2.1 General Properties of Voronoi Tessellations

We consider a random point process characterized by a spatially homogeneous coarse-
grained intensity ρ0, such that the expectation value of the number of points xi in a generic
region � ∈ R

3 is ρ0|�|, where |�| is the Lebesgue measure of �, whereas the fluctuations
in the number of points are ≈ √

ρ0|�|. If ρ0|�| � 1, we are in the thermodynamic limit
and boundary effects are negligible , so that the number of cells of the Voronoi tessellation
resulting from the set of points xi and contained inside � is NV ≈ ρ0|�|.

In this paper we consider perfect crystals, crystals with random dislocations, and sparse
points resulting from a spatially homogeneous Poisson process. Perfect crystals are obtained
when the probability distribution function (pdf) of the random point process can be ex-
pressed as a sum of Dirac masses obeying a discrete translational symmetry. Crystals with
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random dislocations are periodical in the statistical sense since the pdf of the point-process
is a non-singular Lebesgue measurable function obeying discrete translational symmetry.
Finally, the pdf of the homogeneous Poisson point process is constant in space.

Using scaling arguments [34], one obtains that in all cases considered the statistical
properties of the Voronoi tessellation are intensive, so that the point density ρ0 can be
scaled to unity, or, alternatively, the domain can be scaled to the Cartesian cube �1 =
[0,1] ⊗ [0,1] ⊗ [0,1]. We will stick to the second approach. We then define μ(Y )(σ (Y ))

as the mean value (standard deviation) of the variable Y over the NV cells for the single re-
alization of the random process, whereas the expression 〈E〉(δ[E]), indicates the ensemble
mean (standard deviation) of the random variable E. We have that 〈μ(V )〉, 〈σ(V )〉 ∝ ρ−1

0 ,
where V is the volume of the Voronoi cell, 〈μ(A)〉, 〈σ(A)〉 ∝ ρ

−2/3
0 , where A is the surface

area of the Voronoi cell, and 〈μ(P )〉, 〈σ(P )〉 ∝ ρ
−1/3
0 , where P is the total perimeter of the

cell. The proportionality constants depend of the specific random point process considered.
Therefore, by multiplying the ensemble mean estimators of the mean and standard deviation
of the various geometrical properties of the Voronoi cells times the appropriate power of ρ0,
we obtain universal functions.

Going to the topological properties of the cells, we remind that, since each Voronoi cell
is convex, its vertices (v), edges (e), and faces (f ) are connected by the simplified Euler-
Poincare formula for 3D polyhedra v − e + f = 2. Moreover, in a generic solid vertices are
trivalent (i.e. given by the intersection of three edges), so that e = 3/2v, which implies that
f = 1/2v + 2, so that the knowledge of the number of vertices of a cell provides a rather
complete information about the polyhedron. We then derive an additional general result: in
each cell the average number (n) of sides of each face is n = 2e/f = 3v/f = 6v/(v + 2) =
6−12/f < 6, which marks a clear difference with respect to the plane case, where the Euler
theorem applies [34].

2.2 Exact Results

We first consider the perfect SC, BCC, and FCC cubic crystals having a total of ρ0 lattice
points per unit volume and ρ0 corresponding Voronoi cells in �1. Therefore, the length
of the side of the cubes of the SC, BCC, and FCC crystals are ρ

−1/3
0 ,21/3ρ

−1/3
0 , and

41/3ρ
−1/3
0 , respectively. Basic Euclidean geometry allows us to fully analyze these struc-

tures. The cells of the Voronoi tessellation of the SC crystal are cubes (having 12 edges,
6 faces, 8 trivalent vertices) of side length ρ

−1/3
0 and total surface area A = 6ρ

−2/3
0 . The

cells of the Voronoi tessellation of the BCC crystal are truncated octahedra (having 36
edges, 14 faces, 24 trivalent vertices) of side length 2−7/6ρ

−1/3
0 ≈ 0.4454ρ

−1/3
0 and total

surface area A = 3(1 + 2
√

3)2−4/3ρ
−2/3
0 ≈ 5.3147ρ

−2/3
0 . The cells of the Voronoi tessella-

tion of the FCC crystal are rhombic dodecahedra (having 24 edges, 12 faces, 6 trivalent
vertices, 8 tetravalent vertices) of side length 2−4/3

√
3ρ

−1/3
0 ≈ 0.6874ρ

−1/3
0 and total surface

area A = 3 · 25/6ρ
−2/3
0 ≈ 5.3454ρ

−2/3
0 . The standard isoperimetric quotient Q = 36πV 2/S3,

which measures the in non-dimensional units the surface-to-volume ratio of a solid (Q = 1
for a sphere), is 0.5236, 0.7534, and 0.7405 for the SC, BCC, and FCC structures, respec-
tively.

On the other end of the “spectrum of randomness”, exact results have been obtained on
Poisson-Voronoi tessellations using rather cumbersome analytical tools. We report some of
the results discussed by Okabe et al. [43] and Finch [17]:

• the average number of vertices is 〈μ(v)〉 = 96π2

35 ≈ 27.0709 and its standard deviation is
〈σ(v)〉 ≈ 6.6708; exploiting the Euler-Poincare relation plus the genericity property, we
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obtain 〈μ(e)〉 = 3/2〈μ(v)〉, 〈μ(f )〉 = 1/2〈μ(v)〉+ 2, 〈σ(e)〉 = 3/2〈σ(v)〉, and 〈σ(f )〉 =
1/2〈σ(v)〉;

• the average surface area is 〈μ(A)〉 = ( 256π
3 )1/3�( 5

3 )ρ
−2/3
0 ≈ 5.8209ρ

−2/3
0 (with �(·)

here indicating the usual Gamma function), and its standard deviation is 〈σ(A)〉 ≈
1.4804ρ

−2/3
0 ;

• the average volume is, by definition, 〈μ(V )〉 = ρ−1
0 , whereas its standard deviation is

〈σ(V )〉 ≈ 0.4231ρ−1
0 .

2.3 Simulations

For the SC, BCC, and FCC lattices, we introduce a symmetry-breaking 3D-homogeneous
ε-Gaussian noise, which randomizes the position of each of the points xi about its deter-
ministic position with a spatial variance |ε2|. By defining |ε2| = α2/ρ

2/3
0 = α2l2

Q, thus ex-
pressing the mean squared displacement as a fraction α2 of the inverse of the 2/3rd power
of the density of points, which is the natural squared length scale l2

Q. The parameter α2 can
be loosely interpreted as a normalized temperature of the lattice. Note that in all cases, when
ensembles are considered, the distribution of the xi is still periodic. The statistical analysis
is performed over 100-members ensembles of Voronoi tessellations generated for all values
of α ranging from 0 to 2 with step 0.01, plus additional values aimed at checking the weak-
and high-noise limits. Another set of simulations is performed by computing an ensemble
of 100 Poisson-Voronoi tessellations generated starting from a set of uniformly randomly
distributed ρ0 points per unit volume.

The actual simulations are performed by applying, within a customized routine, the
MATLAB7.0® functions voronoin.m and convhulln.m, which implement the al-
gorithm introduced by Barber et al. [4], to a set of points xi having coarse grained den-
sity ρ0 = 100000 and generated according to the considered random process. The function
voronoin.m associates to each point the vertices of the corresponding Voronoi cell and
its volume, whereas the function convhulln.m is used to generate the convex hull of the
cell.

Note that the convex hull is given in terms of 2-simplices, i.e. triangles. Whereas this
information is sufficient for computing the total surface area of the cell, an additional step is
needed in order to define the topological properties of the cell. In fact, in order to determine
the actual number of faces of the cell and define exactly what polygon each face is, we need
to explore whether neighbouring simplices are coplanar, and thus constitute higher order
polygons. This is accomplished by computing the unit vector îk orthogonal to each simplex
sk and computing the matrix of the scalar products 〈îj , îk〉 for all the simplices of the cell.
When the scalar products 〈îp, îq〉, m ≤ p,q ≤ m + n − 1 of unit vectors orthogonal to n

neighbouring simplices sk m ≤ k ≤ m + n − 1 are close to 1—within a specified tolerance
ξ , corresponding to a tolerance of about

√
2ξ in the angle between the unit vector—we have

that
⋃m+n−1

k=m sk is a polygon with n + 2 sides. We have consistently verified that choosing
any tolerance smaller than ξ = 10−8 we obtain basically the same results.

Other values of ρ0—smaller and larger than ρ0 = 1000000—have been used in order to
check the previously described scaling laws, which are found to be precisely verified in all
numerical experiments. The benefit of using such a large value of ρ0 relies on the fact that
fluctuations in the ensembles are quite small. Tessellation has been performed starting from
points xi belonging to the square [−0.1,1.1] ⊗ [−0.1,1.1] ⊗ [−0.1,1.1] ⊃ �1 = [0,1] ⊗
[0,1] ⊗ [0,1], but only the cells belonging to �1 have been considered for evaluating the
statistical properties. Since the external shell having a thickness of 0.1 comprises about 10
layers of cells, boundary effects due to one-step Brownian diffusion of the points nearby the
boundaries, which, in the case of large values of α, cause ρ0 depletion, become negligible.
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3 From Regular to Random Lattices

By definition, if α = 0 we are in the deterministic case of SC, BCC, and FCC lattices.
We study how the geometrical properties of the Voronoi cells change with α, covering the
whole range going from the symmetry break, occurring when α becomes positive, up to
the progressively more and more uniform distribution of xi , obtained when α is large with
respect to 1 and the pdfs of nearby points xi overlap more and more significantly.

3.1 Faces, Edges, Vertices

When spatial noise is present in the system, the resulting Voronoi cells are generic polyhe-
dra, so that degenerate quadrivalent vertices, such as those present in the rhombic dodeca-
hedron [51] are removed with probability 1. Therefore, we expect that 〈μ(e)〉 = 3/2〈μ(v)〉,
〈μ(f )〉 = 1/2〈μ(v)〉 + 2, 〈σ(e)〉 = 3/2〈σ(v)〉, and 〈σ(f )〉 = 1/2〈σ(v)〉. These relations
have been verified up to a very high degree of accuracy in our simulations, so that, in order
to describe the topology of the cell, it is sufficient to present the statistical properties of just
one among e, f , and v. In Fig. 1 we present our results relative to the number of faces of the
Voronoi cells.

In the case of the SC and FCC crystals, a minimal amount of symmetry-breaking noise
impacts as a singular perturbation the statistical properties of μ(f ) and σ(f ), since 〈μ(f )〉
and 〈σ(f )〉 are discontinuous in α = 0. In the SC case, the average number of faces jumps
from 8 to slightly above 16, whereas, as shown in [51], the disappearance of the quadrivalent
vertices in the rhombic dodecahedron case (FCC crystal) causes an increase of two units (up
to exactly 14) in the average number of faces. Near α = 0, for both SC and FCC perturbed
crystals 〈μ(f )〉 depends linearly on α as 〈μ(f )〉 ≈ 〈μ(f )〉|α=0+ + γα, where by 〈·〉|α=0+

Fig. 1 Ensemble mean of the mean and of the standard deviation of the number of faces (f ) of the Voronoi
cells for perturbed SC, BCC and FCC cubic crystals. The error bars, whose half-width is twice the standard
deviation computed over the ensemble, are too small to be plotted. The Poisson-Voronoi limit is indicated
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we mean the limit for infinitesimal noise of the quantity 〈·〉. The proportionality constant
has opposite sign in the two cases, with γ ≈ −1.5 ± 0.05 for the SC and γ ≈ 1 ± 0.05 for
the FCC case.

Moreover, the introduction of noise generates the sudden appearance of a finite stan-
dard deviation in the number of faces in each cell 〈σ(f )〉|α=0+, which is larger for SC
crystals. In the case of FCC crystals, Troadec et al. [51] propose a theoretical value
〈σ(f )〉|α=0+ = √

4/3, whereas our numerical estimate is about 10% lower, actually in good
agreement with the numerical results presented by Troadec et al. in the same paper. Some-
what surprisingly, the 〈σ(f )〉 is almost constant for a finite range near α = 0 ranging up to
about α ≈ 0.3 for the SC crystal and α ≈ 0.2 for the FCC crystal, thus defining an intrinsic
width of the distribution of faces for a—well-defined—“weakly perturbed” state. In the case
of the perturbed FCC crystals, in such a range of weak noise we only observe cells having
12 up to 18 faces: this defines the range of applicability of the weak noise linear perturbation
analysis by Troadec et al. [51].

When considering the BCC crystal, the impact of introducing noise in the position of
the points xi is rather different. Results are also shown in Fig. 1. Infinitesimal noise does
not effect at all the tessellation, in the sense that all Voronoi cells are 14-faceted (as in
the unperturbed state). Moreover, even finite-size noise basically does not distort cells in
such a way that other polyhedra are created. We have not observed—also going to higher
densities—any non-14 faceted polyhedron for up to α ≈ 0.1 in any member of the ensemble,
so that 〈μ(f )〉 = 14 and 〈σ(f )〉 = 0 in a finite range. However, since the Gaussian noise
we are using induces for each point xi a distribution with—an unrealistic—non-compact
support, in principle it is possible to have outliers that, at local level, can distort heavily
the tessellation, so that we should interpret this result as that finding non 14-faceted cells is
highly—in some sense, exponentially—unlikely.

In Fig. 1 the Poisson-Voronoi limiting case is indicated; our simulations provide results
in perfect agreement with the analytical result by Okabe et al. [43] and Finch [17]. For
α > 1 the value of 〈μ(f )〉 and 〈σ(f )〉 of the Voronoi tessellations of the three perturbed
crystals asymptotically converge to what resulting from the Poisson-Voronoi tessellation,
as expected. We should note, though, that in the 2D case the asymptotic convergence has
been shown to be much slower [34], so that spatial noise in 3D seems to mix things up
much more efficiently. Similarly to the 2D case, the perturbed tessellations are statistically
undistinguishable—especially those resulting from the BCC and FCC distorted lattices—
well before converging to the Poisson-Voronoi case, thus pointing at some general behavior.

Additional statistical properties of the distribution of the number of faces in the Voronoi
tessellation need to be mentioned. The mode of the distribution is quite interesting since
the number of faces is, obviously, integer. In the FC and BCC cases, up to α ≈ 0.3 the
mode is 14, whereas for larger values of α 15-faceted polyhedra are the most common ones.
Also the Voronoi tessellations of medium-to—highly perturbed SC crystals are dominated
by 15-faceted polyhedra, whereas 16-faceted polyhedra dominate up to α ≈ 0.25.

We also wish to mention that, in broad agreement with previous studies [30, 34, 49, 60],
for all non-singular cases—α > 0 for SC and FCC crystals, α > 0.1 for BCC crystals—, and
a fortiori for the Poisson-Voronoi case, the distribution of faces f can be represented up to
a very high degree of precision with a 2-parameter gamma distribution:

g(f |k, θ) = NV f k−1 exp[−f/θ ]
θk�(k)

, (1)

where �(k) is the usual gamma function and NV ≈ ρ0 is, by definition, the normalization
factor. We remind that μ(f ) = k(f )θ(f ) and σ(f )2 = k(f )θ(f )2, so that all information



Three-Dimensional Random Voronoi Tessellations: From Cubic Crystal 193

regarding k(f ) and θ(f ) can be deduced from Fig. 1. In particular, in the Poisson-Voronoi
case, our results are in excellent agreement with those of Tanemura [49]. As a side note, we
mention that in such a limit case, we observe cells with number of faces ranging from 6 to
36. Whereas the problem of assessing precisely the goodness of fit of the gamma distribution
is a highly debated and crucial one, it is not central in the present paper, so that it will be
discussed elsewhere.

Since, as previously discussed, the inverse of number of faces y = 1/f is related to
the average number n of sides per face in each Voronoi cell as n = 6 − 12/f = 6 − 12y,
expression (1) can in principle be used also for studying the statistical properties of n and
for finding explicitly, with a simple change of variable, the corresponding n distribution.

In the Poisson-Voronoi limit, Okabe et al. [43] and Finch [17], using some results by
Møller [40]—report 〈μ(n)〉 = 〈μ(2e/f )〉 = 6 − 12〈μ(1/f )〉 = 144π2/(24π2 + 35) ≈ 5.228
as an exact result. Since they also report 〈μ(e)〉 = 288π2/35 ≈ 40.606 and 〈μ(f )〉 =
48π2/35 + 2 ≈ 15.535, a simple algebraic rearrangement leads to 2〈μ(e)〉/〈μ(f )〉 =
〈μ(2e/f )〉 and 6−12〈μ(1/f )〉 = 6−12/〈μ(f )〉, which implies that 1/〈μ(f )〉 = 〈μ(1/f )〉.
It is somewhat puzzling to find that the theory predicts that the mean of the inverse of the
number of faces is exactly equal to the inverse of the mean. Actually, our direct numerical
simulations give 〈μ(2e)〉/〈μ(f )〉 = 6−12/〈μ(f )〉 ≈ 5.228, with a standard deviation of the
ensemble of 5 · 10−4, whereas by looking at the correct—in the probability measure defined
by the homogeneous Poisson point process—statistical estimator (which takes into consid-
eration the correlation of the variables) we have 〈μ(n)〉 = 〈μ(2e/f )〉 = 6 − 12〈μ(1/f )〉 ≈
5.189 with δ(μ(n)) = 5 · 10−4. Therefore, it seems reasonable to call for a revision of the
theoretical calculation, probably focusing on the definition of the probability measure used
in the integration.

Note that if we adopt a 2-parameter gamma model for the Poisson-Voronoi data (see
expression (2)), fit the parameters with a maximum likelihood (and not a moment-based)
method, and then compute analytically 〈μ(n)〉, we obtain an almost exact result:

〈μ(n)�〉 = 6 − 12〈μ(1/f )�〉 = 6 − 〈12/(k − 1)θ〉 = 5.189, (2)

with standard deviation of the ensemble ≈5 · 10−4, where the pedix � refers to the fact
that we have adopted the 2-parameter gamma statistical model. Instead, we have that, cor-
respondingly, 6 − 12/〈μ(f )�〉 = 6 − 〈12/kθ〉 = 5.228, again with standard deviation of the
ensemble ≈5 · 10−4. The same applies also for all considered values of α and for the three
perturbed crystalline structures considered in this study. This further reinforces the idea that
2-parameter gamma family pdfs should be thought as excellent statistical models for the
distributions of number of faces in general Voronoi tessellations.

3.2 Area and Volume of the Cells

The statistical properties of the area and of the volume of the Voronoi tessellations of the
perturbed cubic crystals have a less pathological behavior with respect to what previously
described when noise is turned on, as all properties are continuous and differentiable in
α = 0. Still, some rather interesting features can be observed.

As mentioned above, the ensemble mean of the mean volume of the cells is set to ρ−1
0 in

all cases, so that we discuss the properties of the ensemble mean 〈σ(V )〉, shown in Fig. 2.
We first observe that for all cubic structures the standard deviation converges to zero with
vanishing noise, thus meaning that small variations in the position in the lattice points do not
create dramatic rearrangements in the cells when their volumes are considered. Moreover,
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Fig. 2 Ensemble mean of the standard deviation of the volume (V ) of the Voronoi cells for perturbed SC,
BCC and FCC cubic crystal. The ensemble mean of the mean is set to the inverse of the density. The mean
values is Values are multiplied times the appropriate power of the density in order to obtain universal func-
tions. The error bars, whose half-width is twice the standard deviation computed over the ensemble, are too
small to be plotted. The Poisson-Voronoi limit is indicated

for α < 0.3, a well-defined linear behavior 〈σ(V )〉 ≈ αX is observed for all SC, BCC, and
FCC structures. The proportionality constant X is not distinguishable between the BCC
and the FCC perturbed crystals, and actually X ≈ 〈σ(V )〉PV , where the pedix refers to the
asymptotic Poisson-Voronoi value; the SC curve is somewhat steeper near the origin. The
three curves become undistinguishable for α > 0.4, so when the noise is moderately intense
and reticules are still relatively organized. As previously observed, this seems to be a rather
general and robust feature. It is also interesting to note that the attainment of the Poisson-
Voronoi limit is quite slow, as compared to the case of the statistical properties of the number
of faces of the cell, and a comparable agreement is obtained only for α > 3 (not shown).

When considering the area of the cells (see Fig. 3), further interesting properties can be
highlighted. First, the behaviour of the ensemble mean 〈σ(A)〉 is rather similar to what just
discussed for 〈σ(V )〉. Nevertheless, in this case the agreement between the three perturbed
structure is more precisely verified—the three curves are barely distinguishable for all val-
ues of α. Moreover, we again observe a linear behavior like 〈σ(A)〉 ≈ α〈σ(A)〉PV , which
suggests that the systems closely “align” towards Poisson-like randomness for small val-
ues of α. This closely mirror what observed in the 2D case for the expectation value of the
standard deviation of the perimeter and of the area of the Voronoi cells [34].

The properties of 〈μ(A)〉 for the perturbed crystal structures are also shown in Fig. 3.
A striking feature is that, similarly to what noted in the case of triangular and square tessel-
lations of the plane, there is a specific amount of noise that optimizes the mean surface for
the perturbed SC crystals. We see that the mean area of the cells decreases by about 8% when
α is increased from 0 to about 0.3, where a (quadratic) minimum is attained. For stronger
noise, the mean area of the Voronoi cells of the perturbed SC crystals decreases, and, for
α > 0.5, the asymptotic value of the Poisson-Voronoi tessellation is reached. In terms of cell
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Fig. 3 Ensemble mean of the mean and of the standard deviation of the area (A) of the Voronoi cells for
perturbed SC, BCC and FCC cubic crystals. Values are multiplied times the appropriate power of the den-
sity in order to obtain universal functions. The error bars, whose half-width is twice the standard deviation
computed over the ensemble, are too small to be plotted. The Poisson-Voronoi limit is indicated

surface minimization, the unperturbed cubic tessellation is about 3% worse than the “most
random” tessellation.

The dependence of 〈μ(A)〉 with respect to α is very interesting also for the perturbed
BCC and FCC cubic crystals. In both cases, the mean area increases quadratically (with
very similar coefficient) for small values of α, which shows that the Voronoi tessellations
of the BCC and FCC cubic crystals are local minima for the mean surface in the set of
space-filling tessellations. We know that neither the truncated octahedron nor the rhombic
dodecahedron are global minima, since (at least) the Weaire-Phelan structure has a smaller
surface [57]. It is reasonable to expect that a similar quadratic increase of the average surface
should be observed when perturbing with spatial Gaussian noise the crystalline structure
corresponding to the Weaire-Phelan cell. For α > 0.3, the values of 〈μ(A)〉 for perturbed
BCC and FCC crystals basically coincide, and for α > 0.5 the Poisson-Voronoi limit is
reached within a high accuracy.

As a side note, we mention that, in agreement with several results presented in the in-
troduction, in the case of cells area and volume, for α > 0, the empirical pdfs can be rep-
resented very efficiently using 2-parameter gamma distributions. This will be analyzed in
detail elsewhere.

3.3 Shape of the Cells

The analysis of the properties of the joint area-volume pdf for the Voronoi cells of the con-
sidered tessellations sheds light on the statistics of fluctuations of these quantities.

A first interesting statistical property where the joint cells area-volume pdf has to be con-
sidered is the isoperimetric quotient Q = 36πV 2/S3. The quantity Q is strictly positive and
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smaller than 1 for 3D objects, where 1 is realized in the optimal case given by the sphere.
Instead, Q is zero for any object with Hausdorff dimension smaller than 3. When evalu-
ating the expectation value of the mean isoperimetric quotient of an ensemble of Voronoi
tessellation, we have:

〈μ(Q)〉 = 36π〈μ(V 2/A3)〉 �= 36π〈μ(V )〉2/〈μ(A)〉3. (3)

The presence of fluctuations implies that testing the average sphericity—which is basically
what Q measures—of a random tessellation is a slightly different problem from testing
the average surface for a given average volume, which is what Fig. 3 refers to, whereas in
regular tessellations the two problems are equivalent. In Fig. 4 we present our results for the
three perturbed crystal structures. In agreement with what observed in Fig. 3, we have that
by optimally tuning the intensity of the noise (α ≈ 0.3) perturbing the SC crystal, 〈μ(Q)〉
reaches a maximum, whereas the isoperimetric quotient of the perturbed FCC and BCC
crystals has a local maximum for vanishing noise and is monotonically decreasing with α.
For α ≥ 0.5, the value of 〈μ(Q)〉 basically coincides for the three perturbed crystalline
structures, so that agreement is obtained well before the Poisson-Voronoi limit is attained.
It is notable, and counterintuitive, that in the case of the regular SC crystal the isoperimetric
quotient is lower than the value of 〈μ(Q)〉 obtained in the Poisson-Voronoi limit.

In order to analyze the variability of shape of the cells, we have also analyzed 〈σ(Q)〉,
namely the ensemble average of the standard deviation of the isoperimetric quotient. Results
are also depicted in Fig. 4. We observe that for all perturbed crystalline structures the vari-
ability of the isoperimetric quotient increases with the intensity of noise, as suggested by
intuition. This does not tell us much more than what could be derived from the inspection

Fig. 4 Ensemble mean of the mean and of the standard deviation (see the different scales) of the isoperimetric
quotient Q = 36πV 2/A3 of the Voronoi cells for perturbed SC, BCC and FCC cubic crystals The error bars,
whose half-width is twice the standard deviation computed over the ensemble, are too small to be plotted.
The Poisson-Voronoi limit is indicated. Details in the text
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of Figs. 2 and 3. More interesting features appear when considering specifically the weak
noise limit of 〈σ(Q)〉. For all of the three perturbed crystals, 〈σ(Q)〉|α=0+ = 0, again, con-
sistently with what shown in Figs. 2 and 3. Nevertheless the way such limit is approached
varies considerably. In the SC and BCC case, for small values of α, a well-defined linear
behavior 〈σ(Q)〉 ≈ αX is observed, with a much larger coefficient for the SC case than in
the FCC case, where XBCC ≈ 〈σ(Q)〉PV ≈ XSC/3. Instead, in the FCC case, the approach to
0 of 〈σ(Q)〉 is quadratic, so that for small values of α we have that 〈σ(Q)〉 ≈ α2Y . There-
fore, the FCC structure preserves the shape of its cells much more efficiently when noise
is introduced. Note that what observed in the weak noise limit is confirmed qualitatively
for all values of α, as we always have 〈σ(Q)〉FCC < 〈σ(Q)〉BCC < 〈σ(Q)〉SC . For α ≥ 0.5
the results for the SC, FCC and BCC crystals basically agree and converge to the Poisson-
Voronoi limit for α ≥ 1. Therefore, whereas the Voronoi tessellation of the BCC crystal is
the most stable against noise when the topological properties of the cells are considered (see
Fig. 1), when analyzing the shape of the cells from a metrical point of view, the FCC crystal
is actually the most stable.

In order to further clarify the variability of the shapes of the cells, we take advantage
of a strategy of investigation commonly adopted for studying Voronoi tessellations, i.e. the
stratification of the expectation values of the geometrical properties with respect to classes
defined by the number of sides of the cells [23, 34, 60]. In the present case, it would be
profitable to study quantities such as 〈μ(V )〉|f and 〈μ(A)〉|f , where the pedix indicates that
the averages are performed only on cells with f faces. It is readily observed that, in all cases,
both 〈μ(V )〉|f and 〈μ(A)〉|f increase with f (not shown), for the basic and intuitive reason
that cells with a larger number of faces are typically larger in volume and have larger areas.
Moreover, and this is a more interesting point, (typically large) cells with a large number of
faces have typically a large isoperimetric quotient Q, which makes sense in the context of
Kendall’s conjecture [23, 25, 26, 29]. In Figs. 5(a), (b), and (c) we present the expectation
value of the isoperimetric quotient 〈μ(Q)〉|f as a function of α for the three perturbed cubic
crystals. We observe that in all cases, for a given value of α, 〈μ(Q)〉|f increases significantly
with f , thus confirming the geometrical intuition. Moreover, whereas in the BCC and FCC
case 〈μ(Q)〉|f for a given f decreases monotonically with α, in the SC perturbed crystal for
all values of f we have an increase of 〈μ(Q)〉|f with α up to α ≈ 0.3. For α > 1 the results
of the three perturbed crystals tend to converge to the Poisson-Voronoi limit. Therefore, in
all considered cases the kind of dependence of the average isoperimetric quotient 〈μ(Q)〉
with respect to noise observed in Fig. 4 is realized also in each class of cells as defined by
the f label. At any rate, the main additional information contained in Figs. 5 is that for all
perturbed crystal structures the number of faces acts as a very good proxy variable for the
isoperimetric quotient, and for the shape of the cells.

3.4 Fluctuations and Anomalous Scaling

As discussed above, the areas and the volumes of the Voronoi cells resulting from a ran-
dom tessellations cells are highly variable. See Fig. 6 for the joint cells area-volume distri-
bution in the case of Poisson-Voronoi tessellation. All considered perturbed crystal struc-
tures give qualitatively similar results, but feature, as obvious from the previous discussion,
more peaked distributions. In particular, by integrating the 2D distribution along either di-
rection, we obtain a 1D-pdf which, as previously discussed, can closely approximated with a
2-parameter gamma distribution.

If the space is tessellated with finite-size cells which are geometrically similar, their
shape determines Q and, consequently, the constant ε = √

Q/36π such that for each cell
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(a)

(b)

Fig. 5 Ensemble mean of the isoperimetric quotient 〈μ(Q)〉|f of the Voronoi cells for perturbed SC (a),
BCC (b) and FCC (c) cubic crystals, where averages are taken over cells having f faces. A white shading
indicates that the corresponding ensemble is empty. Cells with a larger number of faces are typically bulkier

indexed by j we have Vj = εA
3/2
j , where in general 0 < ε <

√
1/36π , where the first in-

equality excludes the possibility of fractal objects and the second inequality implies that
no tessellations can beat spheres. As we have seen, in the considered Voronoi tessellations
the cells are definitely not similar, with larger (and more faceted) cells associated to larger
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(c)

Fig. 5 (Continued)

Fig. 6 Joint distribution of the area and of the volume of the Voronoi cells in the Poisson-Voronoi tessellation
limit. The black solid line indicates the best log-log least squares fit, with ensemble mean of the exponent
〈η〉 = 3/2 + 〈η′〉 = 1.67. The dashed black line reports the corresponding fit of isoperimetric quotient (see
right vertical axis), which scales with the area with exponent 2〈η′〉 = 0.34. The effective range of applicability
of the scaling law is between 2 and 10 in units of normalized area. Correspondingly, Q ranges between 0.35
and 0.65, and ε between 0.056 and 0.076. Details in the text
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isoperimetric quotients. In order to quantify this, we take the following approach. We con-
sider the possibility of a scaling law approximating the (statistical) relationship between the
volume and the area of the cells of the form V (A) = ε(A)A3/2 with ε(A) = ε′Aη′

, so that, if
η′ > 0, ε(A) is monotonically increasing with A. It should be mentioned that this parame-
terization of ε(A) amounts to defining Q as Q(A) = 36πε′2A2η′

. Note also for all values of
A the constraint 0 ≤ ε(A) <

√
1/36π holds, so that the proposed (anomalous) scaling law

makes sense at most in the limited range 0 < A < (1/36πε′2)1/2η′
.

Therefore, in each generated tessellation we attempt a power law fit between the area and
the volume of the individual cells as Vj ≈ ε′Aη

j with η = 3/2 + η′, by performing a linear
regression between the logarithm of the volume and of the area of cells. Therefore, given
how weight is calculated in the regression, we implicitly define an effective limited range
where scaling applies, which corresponds to the interval of A values corresponding to the
bulk of the statistics of the cells. Such an interval is, by definition, always included within
the largest possible interval 0 < A < (1/36πε′2)1/2η′

. A corresponding range of values of
ε(A) and of Q(A) is then obtained. We then take the ensemble average for the exponent η

among the equivalent tessellations. The values of the best fit for 〈η〉 for the perturbed SC,
BCC, and FCC crystals are shown in Fig. 7 as a function of α. In all cases we find that
〈η〉 is larger than 3/2, with typical uncertainties of the order of at most 2 · 10−3. Therefore
〈η′〉 is always larger than zero: such an anomalous scaling implies that, typically, a cell with
a larger volume has a relatively smaller surface, and, in other terms, a larger isoperimetric
quotient (which increases ∝ A2η′

).
In particular, in the Poisson-Voronoi limit η ≈ 1.67—black line in Fig. 6—which sug-

gests the occurrence of a 5/3 exponent. It is also remarkable that, as soon as noise is
turned on, anomalous scaling is observed for the SC and BCC cubic crystals. In the SC
case, η(α = 0+) ≈ 1.88, the exponent is monotonically decreasing for all values of α,
and becomes undistinguishable from the Poisson-Voronoi limit for α > 2. In the BCC
case, as opposed to what one could expect given the structural stability of the crystal,
η(α = 0+) ≈ 1.57 > 3/2, which implies that a (modest) anomalous scaling is observed
also for infinitesimal noise. The exponent increases for small values of α, overshoots the
Poisson-Voronoi limit, and for α > 0.6 its value basically coincides with what obtained in
the SC case. When considering the FCC perturbed crystal, an anomalous scaling is observed
for all finite values of noise, but, quite notably, η(α = 0+) = 3/2, which means that for infin-
itesimal noise anomalous scaling is not observed. So, in this regard, the FCC crystal seems
to be more robust than the BCC one. In other terms, in the limit of vanishing noise (and of
vanishing variability in the statistics of the areas and volumes of the cells) large cells tend
to have a larger isoperimetric quotient in the perturbed SC and BCC crystals. Instead, in the
perturbed FCC crystal such a selection does not take place: in this sense, shapes are better
preserved.

As mentioned before, the number of faces provides a good proxy indicator for the shape
of the cell, or, more precisely, of its isoperimetric quotient. In order to find a robust confir-
mation of the interpretation proposed for the presence of the anomalous exponent 〈η〉 > 3/2
depicted in Fig. 7, we then attempt a power-law fit V ∝ Aη separately for each class of cells,
each labeled with the number of faces. Therefore, for each value of the noise applied to
the SC, FCC and BCC crystals, we obtain via best fit and ensemble averaging the estimate
of the exponent 〈ηf 〉 = 3/2 + 〈η′

f 〉 pertaining to the subset of cells having f faces. It is
amazing (and re-ensuring) to find that for all cases considered 〈ηf 〉 results to be lower that
the corresponding “global” 〈η〉, so that we basically always have 〈η′

f 〉 < 0.1 (with typical
uncertainties of the order of 10−2), including when weak perturbation to the SC crystals are
considered. We do not plot 〈ηf 〉 as a function of α and f for the three perturbed crystals,
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Fig. 7 Ensemble mean of the scaling exponent η fitting the power-law relation V ∝ Aη for the Voronoi
cells of perturbed SC, BCC and FCC cubic crystals. The presence of an anomalous scaling (η > 3/2) due to
the fluctuations in the shape of the cells is apparent. The error bars, whose half-width is twice the standard
deviation computed over the ensemble, are too small to be plotted. The Poisson-Voronoi limit (see Fig. 6) is
indicated. Details in the text

Fig. 8 Left y-axis, red line: Ensemble mean of the scaling exponent η fitting the power-law relation V ∝ Aη

for cells with f faces of the Poisson-Voronoi tessellation. The range of f depicted in the figures covers
over 99.9% of the cells. The dashed lines indicate ± twice the ensemble spread. Right y-axis, black line:
Ensemble mean of the isoperimetric ratio for cells with f faces of the Poisson-Voronoi tessellation. The
error bars, whose half-width is twice the standard deviation computed over the ensemble, are too small to be
plotted. Details in the text

since what is obtained is just a plateau with no structure along the α or f directions. As an
example, in Fig. 8 we plot 〈ηf 〉 for the Poisson-Voronoi case. We observe that the anom-
alous scaling is greatly reduced and the deviation from the 3/2 exponent is basically the
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same independently of the value of f considered, even for very high and very low values
of f , where the population of cells is rather scarce, and the ensemble spread is relatively
large. The fact that within each f -class of cells the shape fluctuations are relatively small is
confirmed by the negligible ensemble spread on the value of 〈μ(Q)〉|f . In agreement with
what shown in Fig. 5, 〈μ(Q)〉|f monotonically increases with f , thus indicating that each
f -class of cell can be labeled in term of its isoperimetric quotient, with larger values of f

corresponding to bulkier cells.

4 Summary and Conclusions

In this work we have studied the statistical properties of the 3D Voronoi tessellations gener-
ated by points situated on perturbed cubic crystal structures, namely the SC, BCC, and FCC
lattices. This work is empirical and inductive, and wishes to stimulate further theoretical and
numerical investigations.

The perturbations to the perfect crystal structures are obtained by applying Gaussian
noise to the positions of each point. The variance of the position of the points induced by
the Gaussian noise is expressed as |ε|2 = α2/ρ

2/3
0 , where α (which is a sort of square root

of a normalized temperature) is the control parameter, ρ0 is the number of points—and of
Voronoi cells—per unit volume, and ρ

−1/3
0 is the resulting natural length scale. By increas-

ing α, we explore the transition from perfect crystals to less and less regular structures, until
the limit of uniformly random distribution of points is attained. Note that, for all values of α,
the pdf of the lattice points is in all cases periodic. For each value of α, we have performed
a set of simulations, in order to create an ensemble of Voronoi tessellations in the unit cube,
and have computed the statistical properties of the cells.

The first notable result is that the Voronoi cells corresponding to SC and FCC lattices
(cube and rhombic dodecahedron, respectively) are not stable in terms of topological struc-
ture. As soon as noise is turned on, their degeneracies—to be intended as non-generic prop-
erties of their vertices—are removed via a symmetry-break. With the introduction of an
infinitesimal amount of noise, the pdf of the distribution of the number of faces per cell
becomes smooth, with a finite standard deviation and a biased mean with respect to the
zero noise case. Instead, the topological properties of the Voronoi cells (which are non-
degenerate) of the BCC crystal are, as expected, stable against infinitesimal noise, so that
the zero-noise limit of the Voronoi tessellation of the perturbed BCC structure is coinci-
dent with the unperturbed case. Nevertheless, it is surprising that the topology of the perfect
BCC tessellation is robust also against small but finite noise. For strong noise, the statis-
tical properties of the tessellations of the three perturbed crystals converge to those of the
Poisson-Voronoi limit, but, quite notably, the memory of the specific initial unperturbed
state is lost already for moderate noise, since the statistical properties of the three perturbed
tessellations are indistinguishable already for α > 0.5. As opposed to the 2D case, where
hexagon is so overwhelmingly the “generic polygon”, since hexagons constitute the stable
tessellation, are the most common polygons of basically any tessellation, and the average
number of sides of the cells is six [34], in the 3D case we do not have such a dominant
topological structure.

Rather interesting features emerge looking at the metric properties of the cells, namely
their surface area and their volume. Given the intensive nature of the Voronoi tessellation,
the ensemble average of the mean and of the standard deviation of the area and of the volume
of the cell scale as ρ

−2/3
0 and ρ−1

0 , respectively, so that we can easily obtain universal results
by performing simulations with a specific given density ρ0.



Three-Dimensional Random Voronoi Tessellations: From Cubic Crystal 203

For all values of α, the standard deviation of the area of the Voronoi cells is basically the
same for the three perturbed cubic structures: it features a linear increase for small noise, and
then approaches asymptotically the Poisson-Voronoi limit for large values of α. Practically
the same applies for the standard deviation of the volume of the cells.

Whereas the ensemble average of the mean volume is set to ρ−1
0 by definition, the analysis

of the properties of the ensemble average of the mean area of the cells is quite insightful. In
the case of perturbed BCC and FCC structures, the mean area increases only quadratically
with α for weak noise, thus suggesting that the unperturbed Voronoi tessellation are local
minima for the interface area. Instead, the mean area of the perturbed SC structure has a
more interesting dependence on noise intensity: it decreases up to α ≈ 0.3, where a local
minimum is attained, whereas for larger values of α, it increases until reaching the Poisson-
Voronoi limit (as for FCC and BCC). So, counter-intuitively, noise can act as an “optimizer”
in the case of the perturbed SC structure.

In all cases analyzed, 2-parameter gamma distributions are very effective in describing
the empirical pdfs both for discrete variables, such as the number of faces, and for continu-
ous variable, as in the case of the area and volume of the cells. Anyway, this issue requires
a specific attention and specific results will be presented elsewhere.

In particular, in the case of Poisson-Voronoi processes, such an approach has been useful
in analyzing statistically a controversy between an analytic result reported in [43] and [17]
regarding the ensemble average of the mean number of sides per face in each Voronoi cell
for a Poisson-Voronoi tessellation and the result of the numerical simulations presented in
this paper. The discrepancy may be related to the definition of the appropriate probability
measure to be used in the analytic integration; the analysis of such a disagreement deserves
further, specific attention.

The presence of strong fluctuations in the area and volume of the Voronoi cells has sug-
gested to check some joint area-volume statistical properties. In particular, we have consid-
ered the isoperimetric quotient Q, which measures the sphericity of the cells and is a good
quantitative measure of the shape of the cells. The ensemble average of the mean value of Q

is quadratic maximum for the FCC and BCC crystals for α = 0, and, for any value of α,
the perturbed BCC structure has the largest mean isoperimetric quotient. The observation
that the truncated octahedron is a “large” local maximum for Q for space-filling tessella-
tions suggests a weak re-formulation of the Kelvin conjecture of global optimality of the
truncated octahedron, which has been proved false [57].

When noise in included in the system, Q features a certain degree of variability, which
increases with noise. For a given amount of noise, such a variability is the smallest in the
case of perturbed FCC structures, with BCC and SC structures coming next. The higher
stability of the shape of the cells of the perturbed FCC structures is especially evidenced in
the weak noise limit, where the standard deviation of Q vanishes quadratically with noise,
whereas in the SC and BCC case such a decrease is only linear.

The investigation of the statistical properties of the shape of the cells can be taken from
a slightly different point of view. When attempting a power law fit V ∝ Aη between the
areas and the volumes of the Voronoi cells, we obtain with a very high degree of preci-
sion, for all perturbed tessellations, and for any intensity of noise, an anomalous scaling,
i.e. 〈η〉 > 3/2, with 〈η〉 ≈ 1.67 (suggesting a 5/3 exponent) in the Poisson-Voronoi limit.
A positive anomaly 〈η′〉 = 〈η〉 − 3/2 is observed also for infinitesimal noise, except in the
case of the perturbed FCC crystal, which, moreover, features the smallest anomaly in the
exponent 〈η′〉 for all values of α, with, as above, BCC and SC coming next. These finding
are connected to the properties of the fluctuations of the isoperimetric quotient mentioned
above because the anomaly 〈η′〉 basically shows how large and small cells of the tessella-
tion differ in their shape, since 〈η′〉 > 0 indicates that large cells preferentially feature large
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isoperimetric quotients (Q ∝ A2η′
). Therefore, these results confirm that the Voronoi tes-

sellation of the FCC crystal is the most stable in preserving the shape of the cells, even if
it is topologically unstable. Note also that, basically because the isoperimetric quotient is
strictly larger than zero and strictly lower than one, these scaling relations make sense only
within a finite range of values of A and should be taken as descriptive of the bulk statistical
properties of the cells.

In the simulations we find that the number of faces of a cell is a good proxy for its
isoperimetric quotient: cells with a larger number of faces are typically bulkier. A further
indication that the fluctuations in the shape determine the anomalous scaling between the
areas and the volumes of the cells lies in the fact that the anomaly is greatly decreased when
we classify the cells according to the number of their faces and attempt the power law fit
class by class.

This work clearly defines a way of connecting, with a simple parametric control of spatial
noise, crystal structure to uniformly random distribution of points. Such a procedure can
be in principle applied for describing the “dissolution” of any crystalline structure. Our
results emphasize the importance of analyzing in a common framework the topological and
the metric properties of the Voronoi tessellations. We have shown that topological stability
against weak noise does not necessarily correspond to metric stability for the shape of the
cells, as measured by the isoperimetric quotient. Moreover, we have shown that, in order
to grasp a better understanding, it is necessary to consider the joint statistical properties of
the area and of the volume of the cells, thus going beyond 1D pdf. This has proved to be
especially useful for framing in all generality the properties of optimality of the FCC and
BCC structures.

Several open questions call for answers. The connection between the number of faces of
the cells and their average isoperimetric quotient surely deserve further analyses. It would
be important to analyze the impact of spatial noise on other relevant crystalline structures,
such as the lattice whose Voronoi cell is the Weaire-Phelan structure. Moreover, since the
perfect Hexagonal Close Packed (HCP) and FCC crystals are in close correspondence and
agreement is found also when infinitesimal perturbations to the position of the points are
considered [51], it would be interesting to compare extensively their statistical properties as
finite noise of increasing amplitude is considered. Note that this analysis may provide some
useful information regarding the well-known phase transition between white tin (HCP) and
grey tin (FCC). The impact of noise on higher order statistical properties, such those of
neighboring cells [46], should also be seriously addressed.

Finally, two additional important issues should be taken care of. First, some effort should
be directed at addressing an issue that we have just briefly mentioned in the present paper,
i.e. why, as shown in great detail in the literature, 2-parameter gamma distributions do such
an amazing job in describing the pdfs of several geometrical properties of the Voronoi cells.
A lot of references on this topic can be found in [43]. Some preliminary work at theoretical
level, focusing on the exponential family of pdfs, is under way by C.T.J. Dodson and the
author. Moreover, whereas most analyses aim at understanding the bulk statistical proper-
ties of the cells, it may be worthy changing the point of view and studying the statistical
properties of the extreme cells by taking advantage of the approach based on Gnedenko’s
theorem [11].
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